
1 
 

1 
 

 ISABE-2015-20043 
 
 

Analytical Models for Side Force Prediction of Fluidic Thrust Vectoring on High-Speed Vehicles 
 

Hilbert van Pelt, Andrew Neely, John Young 
School of Engineering and Information Technology 

University of new South Wales, Canberra, ACT 2600, Australia 
 
 

Abstract 
 
Shock vector control (a technique encompassed within the 
term fluidic thrust vectoring) is studied here analytically and 
numerically.  In shock vector control a fluid is injected into 
the supersonic part of a nozzle to generate a side force. A 
number of analytical relations exist which have the ability to 
predict the side force generated by this technique. This paper 
aims to validate these models against modern CFD techniques 
in preparation for experimental validation. Two dimensional 
Reynolds averaged Navier Stokes simulations are performed 
on a two-dimensional conical nozzle configuration with and 
without injection. The results show that in nozzles without 
main flow separation the predicted forces reasonably match 
the analytical predictions till the point where the produced 
shock hits the lip of the opposite nozzle wall. Wall pressures 
are also presented to show that the separation in front of the 
injector is responsible for creating the side force. Any shock 
reflections counter this effect. 
 
Nomenclature 
 � Thrust   [N] 

� Mach Number [-] 

� Velocity [m/s] 

γ Ratio of specific heats [-] 

� Temperature [k] 

��  Mass flow [kg/s] 

β Angle between the normal of the noz-
zle wall at the point of injection and the 
primary nozzle axis 

[rad] 

α Angle between the injection nozzle 
axis and the primary nozzle axis. 

[rad] 


 Area [��] 

� Enthalpy [j/kg] 

 Pressure, Order CFD code [pa,-] 

� CFD solution [-] 

ϵ CFD convergence error [-] 

� Grid convergence factor [-] 

�� Thrust Coefficient [-] 

 
Subscripts �: Side  

�: Axial  

 �: Total properties  

� : Injection  

0: Main flow  

�:   Property at nozzle exit plane  

�:   Property at throat  

 
Introduction 
 
Most aerospace vehicles have a means of active control. 
These control means are traditionally control surfaces 
for aircraft including scramjets and thrust gimballing for 
rockets. Another option is mechanical thrust vectoring 
which is already in place on the F-22 raptor, see 
Aronstein, et al. (1998) and the Sukhoi Su-37. 
Mechanical thrust vectoring options are heavy, while 
control surfaces cause drag, increase radar cross section 
and are structurally challenged at high speed due to 
aerothermodynamic heating. Another method which 
could potentially deliver the equivalent control forces 
for a lighter system is fluidic thrust vectoring (FTV). In 
fluidic thrust vectoring a secondary fluid is injected in 
the engine exhaust flow to turn the flow. In this way a 
control force can be created that is larger than just 
exhausting the same mass out of a thruster. 
 
This technique would therefore be well suited for high-
speed vehicles, especially in hypersonic flight. In 
hypersonic flight the vehicle body can generate all the 
lift needed to keep the vehicles the air, see van Pelt, et 
al. (2015) and lifting surfaces are usually just added for 
aerodynamic control. If these vehicles would have a 
fluidic thrust vectoring system the wings could be 
omitted which would remove a source of drag and 
structural heating. 
 
In this paper we examine a fluidic thrust vectoring 
technique called shock vector control (SVC), which 
works in supersonic nozzles. The control fluid is 
injected into the supersonic nozzle, and thereby creates 
a blockage to the main flow, which induces an oblique 
shock wave that diverts the primary flow away from its 
nominal path, thereby creating a control force. SVC has 
been investigated by a number of researchers for 
example: Deere (2000), Eilers, et al. (2012), Mawson & 
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Crowther, (2004), Walker, et al. (1963). From the data 

generated by these researchers it is difficult to quickly 

evaluate the results of design decisions since no universal 

scaling is discussed. Broadwell (1963) and Karamcheti & 

Tao-Sze Hsia (1963) have both derived relations which make 

an estimate of the control force. These relations were derived 

from blast theory and were tested against experiments but 

these have not yet been tested against modern CFD 

techniques. This paper details a numerical study to test these 

analytical models to determine their applicability to FTV 

design. 
 
Models under investigation 
 
As stated in the introduction, the main aim is to investigate 

the performance of analytical models that have the potential 

to be used as design relations. Both models rely on blast wave 

theory but the extend of the application for both models is 

different.  Broadwell (1963) based his theory on flat plate 

injection into a main stream, which he modelled by means of 

blast wave theory. His relationship for the side force is: ���� =	Cσ����� ∗ ����ex�! "1 $ 2 $ �� & 1����2�� & 1����
�'(�')* ∗ … 
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where �� is the side force, and �� the axial force. The 

principal parameter is the ratio of the injection mass flow �� 0 
over the primary mass flow �� 1. The main flow Mach number �� and the ratio of the total temperatures of the main flow 

and the injectant are also of influence. Since the model 

is for flat plate injection it is not able to take shock 

reflection into account. The theory is officially only 

valid for one Mach number and therefore not valid in an 

expanding flow field. We can expect the error to be 

small in nozzles with a small expansion ratio.   

Karamcheti & Tao-Sze Hsia (1963) derive an estimate 

for the side force based on the injectant flow path in an 

actual rocket nozzle. 
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where � is the enthalpy, ;7 is the exit velocity of the 

nozzle, and  
>?
>@ is the area at the exit of the nozzle 

which is occupied by the injectant over the total exit 

area. Karamcheti and Tao-Sze Hsia calculate this 

parameter based on the nozzle geometry and injection 

parameters. The model is based on nozzle injection flow 

and therefore a better match with the data can be 

expected, but complicating features like shock 

reflections are still not taken into account. 
 
 
Test setup 
 
The numerical simulations described in this paper are 

part of a test series which also includes experimental 

work. The numerical simulations are therefore tailored 

to the experimental geometry and experimental test 

envelope. Neely, et al. (2007) described the current 

experimental test setup at UNSW Canberra. Since the 

test setup exhausts to atmosphere all of the cases in the 

present study have been run with an outlet pressure of 

one atmosphere. The geometry of the 2D shock vector 

control nozzle used in this experimental test series is 

shown in in figure 1. As can be seen, the nozzle has 2 

injection ports in the throat, and 2 injection ports in the 

divergent part of the nozzle. The injection ports in the 

throat are used for throat skewing Yagle, et al. (2001) 

but were not used in this current study. The left port in 

the divergent part of the nozzle was used to inject fluid 

and therefore test SVC. The planar experimental nozzle 

is 8 millimeters deep in the extruded direction. 

Therefore all numerical results which will be presented 

in this paper are for this nozzle geometry. 
 
The experimental facility has a maximum supply 
pressure of 30 bar, therefore the main line supply 
pressure was varied between 5 bar, 10 bar, 20 bar and 
30 bar. This yields nozzle pressure ratios (NPR’s) of 4.9, 
9.9, 17.7 and 29.6. For ease of reporting we will round 
this off to whole numbers (5, 10, 20 and 30), but the 
reader is advised that when we talk about an NPR the 
precise number are listed above. For every main supply 

 
Figure 1: Nozzle Shape 
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pressure, injection pressure ratios 0, 0.25, 0.375, 0.5, 1 and 
1.5 were tested. We define here the injection pressure ratio 
(IPR) as the injection pressure to main supply pressure. 
 
 Numerical investigation 
 
The geometry of the nozzle is shown in figure 1. The area 

ratio is 3.52. Therefore the nozzle will be over expanded till 

an NPR of 20, and will only be under expanded for an NPR 

of 30. As flow separation can occur near the nozzle exit when 

the nozzle flow is over expanded, there can be feedback from 

the plume through the exit boundary. It is thus necessary to 

calculate the flow in the immediate downstream portion of the 

plume. Thus the area where the plume will form was included 

in the numerical domain, which is shown in figure 2. The 

length of the simulated wake AB was set to 0.75 times the 

length of the nozzle	AC. The length of the simulated wake 

was iteratively determined by varying the length of the 

simulated wake and observing the forces in the nozzle to 

ensure that the forces are independent of the wake length 

modelled.  The numerical simulations were performed using 

the commercial finite volume code, ANSYS CFX (v15). The 

flow was simulated via closure of the Reynolds averaged 

Navier Stokes equations. In these equations the time-averaged 

flow quantities are solved for while the flow fluctuations are 

modelled. The quantity which is modelled is the Reynolds 

stress. The turbulence model selected for closure was the 

shear stress transport model by Menter (Menter, 1993). This 

model was selected because of its all-round good reported 

performance in supersonic flow (Bartosiewicz, et al., 

2005). Figure 2 also shows the numerical boundary 

conditions applied. All surfaces which are not named in 

figure 2 have a wall boundary condition applied. The 

inlet and outlet of the domain were regulated by a 

pressure boundary condition.  A single SVC injector on 

the left side of the diverging nozzle wall was used for 

these studies. A wall boundary condition was applied to 

this injector for non-injection runs and a pressure 

boundary condition was applied for the injection 

simulations. 
 
The main criterion for the grid density at the wall was to 

ensure that the wall DE value was of the order of 1. 

Figure 3 shows the cell volumes of the grid as used in 

the standard simulations. The light sections show small 

volumes, while black sections represent larger grid 

cells.  The grid was refined in the throat, and at the SVC 

injection ports to be able to better resolve the complex 

flow fields that occur in these regions.             

  

Figure 3: Volume grid elements 

To show that this grid captures all the relevant 

phenomena properly a simulation on a denser grid was 

also run to prove grid convergence. The case was run 

with a nozzle pressure ratio of 20. Table 1  shows the 

data for the standard grid and the grid used to prove 

convergence. 

 Table 1: Grid data 

 Standard Grid Dense Grid 

Nodes 1599680 3648160 

Elements 797132 1819692 

Table 1 shows the thrust and mass flow computed on the 

 
Figure 2: Numerical Domain 
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standard and dense grid.  A small difference for the thrust and 
the mass flow is observed. The errors in the mass flow are in 

the 3th significant digit and therefore not shown. The small 

difference gives confidence in the convergence of the 

subsequent solutions discussed in this paper. 

Table 2: Thrust and Mass flow convergence 

 Standard 

Grid 
Dense 

Grid 
Difference (%) 

Thrust (N) 56.78 55.94 1.5 

Mass flow 

(kg/s) 
0.10 0.10 0.5 

Roache, (1994) notes that the difference shown in Table 2 is 

not a true estimate of error since the true error will require 

knowledge of the exact solution. The difference term is also 

dependent upon the grid refinement. But Roache correctly 

notes that this up to the CFD practitioner and means that 

reporting is not consistent through literature. Roache 

therefore proposes the grid convergence index (GCI). Roache 

defines the GCI for a fine solution �<and a course solution �� 
as 

GCI=3 �G�
��H & 1�  (3) 

Where ε is defined as 

In equation (3) r is the grid convergence factor, which is 

defined as the size of the course grid over the size of the 

dense grid. P is the order of the computational code, 

which for ANSYS CFX is 2.  

 
Figure 4: CGI outlet pressure distribution  

 

Figure 4 shows the GCI for the pressure at the nozzle 

exit plane. It can be seen that at the walls there is a jump 

in the GCI due to the presence of the boundary layer. 

Between -3 and -1 mm and 1 and 3 mm shocks exit the 

domain. It can be seen that the shocks are not as well 

resolved as the non-shock regions. The maximum 

values are still low enough to consider the solution as 

converged. All of the subsequent data reported in this 

paper was generated using the standard grid.  

 

G 5 �� & �<�1  
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Figure 5: Non-injection results 
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Figure 6: Axial wall pressure distributions on the 

diverging wall (in red) opposite to the injector for 

different NPR’s 

 

Non-injection results 
 

To benchmark the injection results, which are discussed in the 

next section, a set of non-injection simulations were also 

performed. Figure 5 shows the Mach number distributions in 

the nozzle for different nozzle pressure ratios.  The main 

observation is that the nozzle is only under expanded for a 

nozzle pressure ratio of 30. For all other flow cases the nozzle 

is over expanded. At the NPR of 5 this is the most evident 

due to early separation. At an NPR of 10 separation is also 

present. 

 

 Figure 8: Nozzle efficiency  

 

Due to the presence of the throat injector cavities there 

are disturbances in the throat region that wash 

downstream. From the downstream lip of the injectors 2 

small shocks can be seen. Also from the SVC injectors 

small shocks emanate due to their disturbances. We note 

that a cavity flow forms which makes the drag due to 

these disturbances small, as was shown by van Pelt, et 

al. (2014). Figure 6 shows the wall pressure on the right 

wall of the nozzle opposite to the injector. The y 

coordinate has been normalized with the length of the 

divergent section (l). 

Figure 7: Injection flow field 
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 The separation at an NPR of 5 can be seen due to the 

pressure rise at 0.4 y/l.  At an NPR of 10 the separation 

occurs at 0.8 y/l. At 0.6 y/l the shocks from the throat 

injectors impinge on the wall and therefore a pressure jump is 

visible. Figure 8 shows the efficiency of the nozzle at 

different pressure ratios.  The nozzle efficiency is defined as 

the thrust over the ideal nozzle thrust. The ideal nozzle thrust 

has been taken from Sutton & Biblarz, (2001), and is just 

dependent on nozzle pressure ratio and gas type. It can be 

seen that in the simulated pressure range the efficiency rises 

with increased pressure ratio. The large separation at an NPR 

of 5 translates to a low efficiency of this nozzle. For the 

expansion ratio of this nozzle it will expand to atmospheric 

pressure at an NPR of 27.8. It is therefore interesting to see 

that the efficiency at NPR’s of 20 and 30 is very similar. 

 
Injection results 
 
Figure 7 shows the injection results for a nozzle pressure ratio 

20. Mach number distributions are plotted for a range of 

injection pressure ratios. It can be seen that as the injection 

pressure is increased, the injected fluid has a significant 

influence on the flow field in the nozzle effectively changing 

the nozzle profile. At 1.5 times the injection pressure a fluidic 

nozzle is formed since the fluid is blocked to such a degree 

that the passage becomes smaller than the primary throat. 

Figure 9 shows a numerical schlieren image of the injection 

pressure ratio of 1.5. Here the complicated shock pattern can 

clearly be seen.  On the left hand side of the nozzle a bow 

shock can be seen to form due to the relatively large injection 

of mass. This shock merges with a normal shock, which 

decelerates the flow to a subsonic speed. Downstream 

of the blockage the flow accelerates again to supersonic 

speeds. The oblique shocks which are formed due to the 

injection are important since they vector the flow and 

these can be seen in figure 7. At an IPR of 0.25 the 

generated oblique shock misses the opposite wall and 

therefore not all flow in the nozzle will be processed by 

the shock and thus vectored. From an IPR of 0.5 and 

onwards the shock impinges on the wall on the opposite 

side of the nozzle and reflects back into the flow. The 

reflected shock will turn some of the vectored flow back 

towards the nozzle axis. This will lower the produced 

side force.  
 
As the injected mass flow is increased and the induced 

shock strengthens and impinges on the opposite wall, 

the resulting shock wave boundary layer interaction 

(Dolling, (2001)) thereby also increases in strength. 

This is evident in the size of the induced boundary layer 

separation that forms at the region of shock 

impingement. 
 
Figure 10 shows the difference in wall pressure between 

the opposing walls of the nozzle.  The y axis has been 

normalized with the length of the divergent section of 

the nozzle. Due to the definition of the difference a 

positive difference contributes to the side force, while a 

negative difference is detrimental to the production of a 

net side force.  Figure 10 shows that all off the positive 

side force is generated before the injector, while all the 

possible detrimental effects are after the injector. 
 
It can be seen that the positive contributions to the side 

force are due to the pressure build up because of the 

obstruction caused by the injection and the resulting 

 
Figure 9: NPR=20, IPR= 1.5 

 

Figure 10: Difference in wall pressure, between left and 

right nozzle wall, NPR=20. 
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upstream separation.  At an IPR of 0.25 the shock wave does 

not hit the opposite wall and therefore the pressure after the 

injector shows little disturbance. 
 
From an IPR of 10 onwards the shock wave impinges on the 

opposite wall and therefore large disturbances in the pressure 

differential can be seen. At an IPR of 20 and 30 there are 

large areas of separation, which can also be seen due to large 

pressure differences after the injector. For an IPR of 30 

disturbances in the pressure difference can even be seen 

before the injector as the shock wave induced boundary layer 

separation on the opposite wall is moved upstream by the 

strengthening shock.  
 
Figure 11 shows the side force ratio as a function of the 

injection mass flow ratio. The injection mass flow ratio is the 

injection mass flow over the main mass flow. The side force 

ratio is the side force over the axial force. From the 4 

simulated supply pressure cases it can be seen that for an 

NPR of 5 the side force ratio is the largest although in this 

case the absolute side force is the smallest. The side force 

ratio drops off for increasing injection mass flow which is 

achieved by increasing the injection pressure. This behavior 

can be explained when looking at the flow structures. Figure 

12 shows the Mach number distribution for an NPR of 5 and 

an IPR of 0.375. Due to the large separation at this supply 

pressure the flow is more susceptible to disturbances. The 

fluid injection now causes the entire main flow to change 

direction. Therefore there is a large side force to main force 

ratio. The effect diminishes with increasing primary supply 

pressure as can be seen in Figure 8. For all primary supply 

pressures the side force ratio reaches a maximum, and then 

drops off as the injection pressure is increased. The maximum 

side force ratio is achieved where the induced shock hits 

the opposite exit lip of the nozzle. In this situation all 

the flow in the nozzle is vectored due to the shock. 

When less fluid is injected the shock will not hit the lip 

and therefore not all the flow will be vectored. When 

more than the optimum is injected the shock will hit the 

opposite nozzle wall further upstream and reflect 

causing some of the already vectored flow to be turned 

back towards the nozzle axis, lowering the produced 

side force, see Neely, et al. (2007).  
Figure 13 compares the produced side force ratios 

against the models proposed by Broadwell (1963) and 

Karamcheti & Tao-Sze Hsia (1963), which were 

discussed earlier in this paper. In the derivation of both 

the models separation is not taken into account.  

Therefore it can be seen that there is a mismatch in the 

data for the NPR of 5 and 10 cases where the flow in the 

nozzle is over-expanded. The mismatch sizes with the 

amount of separation since for the NPR of 5 the 

mismatch is the largest (in the order of 25%) while for 

the NPR of 10 the mismatch is of the order of 10%. For 

the NPR of 20 and 30 it can be seen that the Broadwell 

theory is able to predict the maximum of the current 

data set. 
 

 
Figure 11: Side force ratio as a function of injection mass 

flow ratio 

 

 

Figure 12:  NPR=5, IPR=0.375 
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The theory of Karamcheti & Tao-Sze Hsia over-predicts the 

produced side forces for the NPR’s of 20 and 30. Neither of 

the models are able to account for the effects of reflecting 

shocks waves. Therefore the models do not show a maximum 

and then a decrease, but just an increasing side force ratio 

with increasing injection mass flow as would occur for 

injection into an unconstrained flow across a flat plate. 
 
It is also interesting to note that the Karamcheti & Tao-Sze 

Hsia theory over predicts the Broadwell theory in the initial 

range of the injection mass flow, but in almost all cases there 

is a cross over point where the Broadwell theory predicts a 

higher side force ratio. It must be noted that this point is 

higher than the usable range of the equation for the case 

considered here. The difference occurs due to different 

treatment of the expansion of the injectant. Broadwell models 

it by means of an expansion due to a temperature difference 

between the injectant and main flow. Karamcheti and Hsia 

model it by means of the volume in the exit plane that the 

injectant will take up with respect to the main flow. This 

difference in behavior causes the difference in shape 

between the 2 models. 
 
Conclusion and Discussion 
 
In this paper side forces produced by shock vector 

control in a 2D conical nozzle have been investigated. 

The main focus has been on comparing the numerically 

simulated side force ratios with analytical methods. 

These analytical relations have the potential to be used 

as design relations, but their validity needs to be 

understood.  
 
2D RANS simulations were performed with the CFX 

solver of a nozzle geometry with sidewall injection 

ports. Of the four main supply pressures that were 

simulated there was downstream separation in the 

nozzle for over-expanded flows at NPR’s of 5 and 10 

 

 

Figure 13 Comparison of side force models with simulation results 
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while there was none for NPR’s of 20 and 30. It was shown 
that the separation has a large effect on the produced side 
force during injection since the main flow is susceptible to 
disturbances. Because of the separation the tested models did 
not have a good agreement at NPR’s of 5 and 10 as they did 
not account for this phenomenon. The models also do not take 
shock reflections into account. Therefore the models are only 
valid till the case of maximum side force, which occurs when 
the produced shock hits the opposite nozzle wall lip. It is 
therefore concluded that the models have a reasonable 
agreement in nozzles over a subset of operating conditions 
where there is no separation, and where the produced side 
force is under or equal to the maximum for that configuration.  
It is also shown that all of the positive side force is produced 
in the separation area before the injection port.  
 
We have shown that for nozzle with a small expansion ratio 
the theory of Broadwell gives reasonable agreement up to the 
point of maximum side force. As was noted this theory is only 
theoretically valid for a flat plate flow, and therefore we 
cannot make any statement for nozzles with large expansion 
ratios. 
 
The reported simulation results will be used to support a 
subsequent experimental test campaign. With a comparison to 
experimental results a stronger test case will be available to 
more thoroughly evaluate the analytical models.  
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